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Abstract
Ginzburg-Landau expansion is derived for superconductors with the gap-
function odd over k − kF . It is shown that in this odd-gap case Ginzburg-
Landau coefficients possess an additional dependence on the pairing coupling
constant which leads to the appropriate dependence of the physical properties.
Non-magnetic impurities influence the odd-gap pairing in a significant way
and the mechanism of this influence is quite different from that predicted by
the usual theory of ”dirty” superconductors. In particular this is reflected in
an anomalous behavior of the upper critical field Hc2 slope close to Tc. We
also derive the complete temperature dependence of Hc2 for the odd-gap case.
PACS numbers: 74.20.Fg
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I. INTRODUCTION
Recently Mila and Abrahams [1] have proposed an interesting model of superconduct-
ing pairing with the gap function odd over the parameter k − kF (i.e. quasiparticle energy
ξk = vF (|~k| − kF ), with respect to the Fermi level). In this model the BCS pairing state is
possible even for the arbitrarily strong repulsion between the electrons. This odd-gap state is
realized for the strong enough repulsion when the usual “even” superconducting state is de-
stroyed while the attractive part of the pairing interaction is also strong enough (the pairing
coupling constant is greater than some critical value [1]). Naturally, this model seems attrac-
tive as a possible explanation of the superconducting state in strongly-correlated systems,
though it is clear now what it is an unlikely candidate for high-temperature superconducting
oxides, e.g. because of the assumed isotropic nature of pairing (it is well established now ex-
perimentally that the pairing state in oxides is either d-wave or anisotropic s-wave). At the
same time, this odd-gap model [1] is interesting itself as a model of a possible new “exotic”
superconducting state with the properties quite different from traditional superconductors.
Thus it is appropriate to study the wide variety of these properties which will allow to for-
mulate the experimental criteria for the search of this anomalous “odd”—superconductivity.
Some work in this direction has already been done [2–5], though it was mainly in the direc-
tion of comparison with the properties of high-temperature superconducting oxides. At the
same time there is still no discussion of a number of traditional problems of the theory of
superconductivity as applied to this odd-gap case.
The aim of the present work is to present the microscopic derivation of the Ginzburg-
Landau expansion for the odd-paring state and analyze the behavior of a number of main
characteristic properties of a superconductor near the transition temperature Tc. We also
give the complete analysis of the upper critical field Hc2 temperature dependence (we shall
see that the odd superconductors practically always demonstrate the strong type-II behav-
ior). We shall discover a number of anomalies which may be useful for the experimental
search of systems with odd-pairing. At the same time the results obtained give some ad-
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ditional arguments against the use of this model for the explanation of high-temperature
superconductivity in copper oxides.
The model under discussion is based on the fact [1], that the weak-coupling BCS gap
equation (N(0) - is the density of states at the Fermi level):
∆(ξ) = −N(0)
∞∫
−∞
dξ′V (ξ, ξ′)
∆(ξ′)
2
√
ξ′2 +∆2(ξ′)
th


√
ξ′2 +∆2(ξ′)
2T

 (1)
possess the non-trivial solution of the form ∆(ξ) = −∆(−ξ) (i.e. odd over k − kF , ξ =
vF (k − kF )) in case of strong enough attractive part of V (ξ, ξ′) even if the strong (or even
infinite) point-like repulsive part also exists. It is easy to see [1], that for the odd ∆(ξ) the
repulsive part of interaction in (1) just drops out, and the attractive part leads to a pairing
state with non-trivial properties: the gap function ∆(ξ) is zero at the Fermi level leading to
the gapless superconductivity. It should be stressed that this pairing state is isotropic and
the energy gap is actually zero everywhere at the Fermi surface, which is different from the
case of anisotropic pairing e.g of the d-wave type.
In the following we always assume that the interaction kernel in Eq.(1) consists of two
parts (EF - Fermi energy): V (ξ, ξ
′) = V1(ξ, ξ
′) + V2(ξ, ξ
′), where
V1(ξ, ξ
′) =


U > 0 for |ξ|, |ξ′| < EF
0 for |ξ|, |ξ′| > EF
(2)
—is the point-like repulsion, while V2(ξ, ξ
′)—is an effective pairing interaction (attraction),
which is nonzero for |ξ|, |ξ′| < ωc |ξ− ξ′| < ωc (the last property is of principal importance),
where ωc ≪ EF—is the characteristic frequency of Bosons, responsible for pairing interac-
tion. Pairing “potential” V2(ξ, ξ
′) can be represented by different model forms [1]. In the
present paper we consider the following model interaction [3,4]:
V2(ξ, ξ
′) =


−V cos
(
pi
2
ξ−ξ′
ωc
)
for |ξ|, |ξ′|, |ξ − ξ′| < ωc
0 for |ξ|, |ξ′| or|ξ − ξ′| > ωc
(3)
In this case the integral gap equation reduces to a transcendental one and is easily solved
[3,4], while all the main properties characteristic of the other types of model interactions
survive [1].
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Transition temperature can be obtained from linearized equation:
∆(ξ) = −N(0)
∞∫
−∞
dξ′V (ξ, ξ′)
∆(ξ′)
2ξ′
th
(
ξ′
2Tc
)
(4)
It is easily seen [4], that Tc for the odd-gap state is now determined by:
1 = g
ωc∫
0
dξsin2
(
π
2
ξ
ωc
)
1
ξ
th
(
ξ
2Tc
)
(5)
where g = N(0)V — is the dimensionless coupling constant of the pairing interaction. In
this model there exists a critical coupling constant value and the odd-pairing state appears
only for g > gc ≈ 1.213, even if the repulsive interaction U is absent. In fact, for the
weak repulsion the usual “even” pairing always dominate and the appropriate transition
temperature is always higher than Tc for the odd pairing. As repulsion is increased and
for large enough g the odd-pairing becomes energetically favorable [4]. In the following we
assume that our system belongs to the odd-paring region on the phase diagram on the g,
µ = N(0)U — plane.
The gap function in our model has the following form [4]:
∆(ξ) =


∆0(T )sin
(
pi
2
ξ
ωc
)
for |ξ| < ωc
0 for |ξ| > ωc
(6)
and the temperature dependence of ∆0(T ) is determined by:
1 = g
ωc∫
0
dξsin2
(
π
2
ξ
ωc
) th(
√
ξ2+∆2
0
(T )sin2(pi
2
ξ
ωc
)
2T
)
√
ξ2 +∆20(T )sin
2
(
pi
2
ξ
ωc
) (7)
The temperature dependence of ∆0(T ) is similar to that of the BCS theory but does not
coincide with it [4].
Normal (non-magnetic) impurities strongly suppress the odd pairing [3,4]. In this case
the transition temperature is determined by:
1 = g
ωc∫
0
dξ
ξ
sin2
(
π
2
ξ
ωc
) ∞∫
−∞
dω
π
th
(
ω + ξ
2Tc
)
γ
ω2 + γ2
(8)
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where γ is the impurity scattering rate. Superconductivity is completely destroyed for
γ ∼ Tc0, where Tc0 — is transition temperature in the absence of impurities determined by
Eq.(4). The critical scattering rate γc leading to the destruction of superconducting state is
determined by the following equation [3,4]:
1 =
2
π
g
ωc∫
0
dξ
ξ
sin2
(
π
2
ξ
ωc
)
arctg
(
ξ
γc
)
(9)
For g ≃ gc it follows that γc ∼ (g − gc) → 0, which leads to the corresponding narrowing
of superconductivity region at the phase diagram on the Tc,γ—plane. In this sense normal
impurities suppress odd-gap superconductivity even faster than magnetic impurities in the
usual “even” case.
Ginzburg-Landau theory allows to analyze wider range of physical properties than the
BCS approach due to its limitation to the temperature region close to transition temper-
ature: T ∼ Tc. Thus it is important to have the microscopic derivation of the coefficients
of Ginzburg-Landau expansion which will immediately lead us to a number of important
conclusions.
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II. GINZBURG-LANDAU EXPANSION
A. Superconductor without impurity scattering
The gap function (6) can be used as an order parameter in Ginzburg-Landau expansion.
We assume that its amplitude ∆0(T ) is in general a slowly varying function of spatial
coordinates. Accordingly in momentum space we get the Fourier-component of the order
parameter:
∆(ξ, T,q) = ∆q(T )sin
(
π
2
ξ
ωc
)
(10)
and the Ginzburg-Landau expansion for the free-energy-density difference between super-
conducting and normal state in the region of small q takes the form:
Fs − Fn = A|∆q|2 + q2C|∆q|2 + 1
2
B|∆q|4 (11)
Our task is to find microscopic expressions for the coefficients A, B C.
Ginzburg-Landau expansion can be easily derived from diagrams shown in Fig.1. This is
a usual loop-expansion for the free-energy of electrons moving in the field of superconducting
order parameter fluctuations of the form given in Eq.(10). Some additional comments are
only needed concerning the second diagram in Fig.1. Its form just guarantees the zero of
coefficient A in GL-expansion (11) at the transition point T = Tc. All calculations are
standard, we only have to take into account the closeness of temperature T to transition
temperature Tc. Some details can be found in Appendix A. Finally we can express GL-
coefficients in the following form:
A = A0KA, B = B0KB, C = C0KC (12)
where A0, B0 and C0 are just the usual GL-coefficients for “even” pairing [6]:
A0 = N(0)
T − Tc
Tc
(13)
B0 = N(0)
7ζ(3)
8π2T 2c
(14)
C0 = N(0)
7ζ(3)
48π2
v2F
T 2c
≈ N(0)ξ20 (15)
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while everything specific to the odd-pairing is contained in dimensionless combinations KA,
KB KC :
KA =
ωc/Tc∫
0
dx
sin2(pi
2
Tc
ωc
x)
2ch2(x/2)
(16)
KB =
4π2
7ζ(3)
ωc/Tc∫
0
dx
sin4(pi
2
Tc
ωc
x)
x2
[
th(x/2)
x
− 1
2ch2(x/2)
]
(17)
KC =
1
2
− 4
7ζ(3)
∞∑
n=0
exp[−π2 Tc
ωc
(2n+ 1)]
(2n+ 1)3
[
1 + π2
Tc
ωc
(2n+ 1) +
π4
2
T 2c
ω2c
(2n+ 1)2
]
(18)
These dimensionless expressions are functions of the ratio Tc/ωc, which in its turn is the
known [3,4] function of the pairing coupling constant g. Numerical data for the dependencies
of KA, KB KC on g are shown in Fig.2. Thus, while in traditional case GL-coefficients
depend on g only through the appropriate dependence of Tc, in our case there appears a
new nonmonotonous dependence of these coefficients on the pairing coupling constant.
Ginzburg-Landau equations define, as usual, two characteristic lengths: the coherence
length and penetration depth [6]. The coherence length at a given temperature ξ(T ) repre-
sents the characteristic scale of inhomogeneities of the order parameter ∆, i.e. in fact it is
determined by the “size” of the Cooper pair:
ξ2(T ) = −C
A
(19)
In traditional superconductors:
ξ2BCS(T ) = −
C0
A0
(20)
ξBCS(T ) ≈ 0.74 ξ0√
1− T/Tc
(21)
where ξ0 = 0.18vF/Tc. In our case we get:
ξ2(T )
ξ2BCS(T )
=
KC
KA
(22)
The dependence of this ratio upon g is shown in Fig.3.
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For penetration depth in traditional superconductor we have:
λBCS(T ) =
1√
2
λ0√
1− T/Tc
(23)
where λ20 =
mc2
4pine2
determines the penetration depth for T = 0. In general case we have the
following expression for penetration depth via GL-coefficients [6]:
λ2(T ) = − c
2
32πe2
B
AC
(24)
Then for the model under discussion:
λ(T )
λBCS(T )
=
(
KB
KAKC
)1/2
(25)
Appropriate dependence upon the coupling constant g is shown in Fig.4. The divergence of
λ for g → gc is again due to the disappearance of the odd pairing.
Consider now Ginzburg-Landau parameter:
κ =
λ(T )
ξ(T )
=
c
4eC
√
B/2π (26)
It is well known that depending on the value of κ superconductors are divided into two
classes: the values of κ < 1/
√
2 correspond to type-I superconductors, while κ > 1/
√
2
define type-II. In our model of the odd pairing:
κ
κBCS
=
√
KB
KC
(27)
where
κBCS =
3c√
7ζ(3)e
Tc
v2F
√
N(0)
(28)
—is the Ginzburg-Landau parameter for traditional case. The dependence of κ/κBCS on the
coupling constant g is shown in Fig.5. From Fig.5 it is clear that for all sensible values of
g close to gc the odd-gap superconductor is definitely of type-II. Note that the region of
large g ≫ gc is actually nonphysical because all our estimates are based upon weak coupling
BCS-like equations like Eq.(1), while the correct analysis of the crossover into the strong
coupling region requires [4] more serious discussion in the spirit of Ref. [7]. Such an analysis
in case of the odd-gap pairing has not been performed to our knowledge.
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B. Non-magnetic impurities
Consider a superconductor containing “normal” (nonmagnetic) impurities. During the
derivation of Ginzburg-Landau expansion we have to take into account now impurity scat-
tering processes shown in diagrams like Fig.6(a,b). It is easy to convince ourselves that the
contribution of diagrams shown in Fig.6(b) is actually zero which is connected with vertex
contributions being odd over the variable ξ (factors of sin(ξ)). Thus, the loop expansion
for the odd-gap superconductor with impurities acquires the form shown in Fig.6(c,d) (up
to the second-order terms), where electronic lines denote average Green’s functions renor-
malized by impurity scattering. There is no “diffusion” renormalization due to diagrams
like shown in Fig.6(b), (impurity “ladder”) which is characteristic of the usual theory of
“dirty” superconductors [8]. In this respect the structure of all expressions in our model is
closer to that of usual theory of the “clean” limit. Note, however, that the usual “dirty”
limit ξ0 ≪ l (where l — is the mean-free path), cannot actually be reached for the odd-gap
superconductors because this pairing state is completely destroyed by impurity scattering
already for γ ∼ Tc [3,4]. Below we shall discuss the major changes of GL-coefficients A C
due to impurity scattering. Details again are to be found in Appendix A.
Ginzburg-Landau coefficients are again represented by Eqs.(12), while impurity scat-
tering renormalizes the dimensionless functions KA and KC , which now take the following
form:
KdA =
Tc0
Tc
ωc/Tc0∫
0
dx
x
sin2(
π
2
Tc0
ωc
x)
∞∫
−∞
dy
2π
y + x
ch2
(
y+x
2
Tc0
Tc
) γ/Tc0
y2 + γ2/T 2c0
(29)
KdC =
4π3
7ζ(3)
Tc
Tc0
∞∑
n=0
{
1
[(2n+ 1)π Tc
Tc0
+ γ
Tc0
]3
− exp(−π
Tc0
ωc
[(2n+ 1)π Tc
Tc0
+ γ
Tc0
])
[(2n+ 1)π Tc
Tc0
+ γ
Tc0
]3
× (30)
×
[
1 + π
Tc0
ωc
[(2n+ 1)π
Tc
Tc0
+
γ
Tc0
] +
π2
2
T 2c0
ω2c
[(2n + 1)π
Tc
Tc0
+
γ
Tc0
]2
]}
Here Tc0 — is transition temperature in the absence of impurity scattering, while Tc — is
real transition temperature in the impure system, which is determined by Eq.(8), and γ
9
— is impurity scattering rate. In the limit of γ → 0 Eqs.(29) and (30) naturally reduce to
Eqs.(16) and (18).
Numerically we obtain the dependencies of KdA/KA and K
d
C/KC on the impurity scat-
tering rate γ, shown in Fig.7 and Fig.8. Most important is the dependence of KdA, which
rapidly drops to zero as γ → γc.
GL-coefficients A and C, as usual, define the temperature dependence of the upper
critical field close to Tc: [6]:
Hc2(T ) =
φ0
2πξ2(T )
= −φ0
2π
A
C
(31)
where φ0 = cπ/e — is magnetic flux quantum. Now we can easily find the “slope” of the
temperature dependence of Hc2(T ) near Tc, i.e. the temperature derivative:
|dHc2
dT
|Tc =
24πφ0
7ζ(3)v2F
Tc
KdA
KdC
(32)
In Fig.9 we show the dependence of normalized derivative |dHc2/dT |Tc on disorder (scattering
rate γ). It is seen that the slope of Hc2 rapidly diminishes and drops to zero as disorder
grows and γ → γc. This behavior is just opposite to that of the usual theory, where in
the “clean” limit the slope of Hc2 does not depend on impurity concentration, while in the
“dirty” limit it grows with impurity scattering [8]. This anomalous behavior may be used
as an experimental criterion for the search of superconductors with odd-gap pairing state.
Note that for high-temperature superconducting oxides such a behavior is not observed
and the odd-gap model is apparently unable to explain the anomalies of Hc2 observed in
these systems under disordering [9]. This adds to previous arguments against the use of the
odd-gap pairing model to describe superconductivity in copper oxides [3,4].
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III. UPPER CRITICAL FIELD
In view of the anomalies of Hc2 behavior in the odd-gap superconductor close to Tc it
is of some interest to perform a complete analysis of temperature dependence of the upper
critical field in these systems taking into account the effects of impurity scattering. This
analysis is to be done on full microscopic basis, i.e. via the study of Cooper instability in
an external magnetic field. In the absence of magnetic field the Cooper instability leading
to odd-gap pairing was analyzed in Ref. [4]. Below we use a similar approach and include
impurity scattering from the very beginning.
Diagrams describing both impurity scattering and pairing interaction in Cooper channel
are shown in Fig.10. Fig.10(a) represents impurity scattering vertex in “ladder” approxi-
mation, while at Fig.10(b) we introduce the vertex part which includes pairing interaction
(represented by dot). It can be obtained from the following integral equation:
Φpp′(qωω
′) = Γpp′(qω)δωω′ − T
∑
ω1
∑
p1p2
Γpp1(qω)V (p1p2)Φp2p′(qω1ω
′) (33)
where the impurity scattering vertex Γpp′(qω) is defined by the “ladder” equation of
Fig.10(a) and V (pp′) — is our pairing interaction. Following Ref. [4] we introduce the
following vertex parts, summed over Matsubara frequencies:
Γpp′(q) = −T
∑
ω
Γpp′(qω) (34)
Φpp′(q) = −T
∑
ωω′
Φpp′(qωω
′) (35)
which satisfy the equation following from (33):
Φpp′(q) = Γpp′(q)− T
∑
p1p2
Γpp1(q)V (p1p2)Φp2p′(q) (36)
Cooper instability leading to the odd-gap pairing can be found from equation shown in
Fig.10(c) which in fact represents the response function for fluctuations of our (odd-gap)
order parameter:
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Π(q) = Π0(q)−Π0(q)VΠ(q) (37)
where the loop graphs represent
Π0(q) =
∑
|ξp|,|ξp′ |<ωc
sin
(
π
2
ξp
ωc
)
Γpp′(q)sin
(
π
2
ξp′
ωc
)
(38)
Π(q) =
∑
|ξp|,|ξp′ |<ωc
sin
(
π
2
ξp
ωc
)
Φpp′(q)sin
(
π
2
ξp′
ωc
)
(39)
and we have taken into account the explicit form of pairing interaction in our model(3).
Solution of Eq.(37) is obviously:
Π(q) =
Π0(q)
1 + V Π0(q)
(40)
Divergence of this expression (zero of the denominator — divergence of the response func-
tion) defines the Cooper instability.
It is easy to see that due to the odd nature of vertexes over the variable ξ only the
first graph of the ladder in Fig.10(a) contribute to Π0(q) while the diffusion contribution
vanishes. Then we have:
Π0(q) = −T
∑
ω
∑
|ξ|<ωc
sin2
(
π
2
ξ
ωc
)
Gω(p+ q/2)G−ω(p− q/2) = (41)
= −TN(0)∑
ω
ωc∫
−ωc
dξsin2
(
π
2
ξ
ωc
)
1
2
1∫
−1
dt
1
ξ − vF qt/2 + i(ω + γ)
1
ξ + vF qt/2− i(ω + γ) =
= −TN(0)∑
ω
ωc∫
−ωc
dξsin2
(
π
2
ξ
ωc
)
1
4θξ
ln
(
(θ + ξ)2 + Ω2
(θ + ξ)2 − Ω2
)
where Ω = ω+ γ and θ = vF q/2. Thus the divergence of (40) is determined by the equation:
1 = gT
∑
ω
ωc∫
−ωc
dξsin2
(
π
2
ξ
ωc
)
1
4θξ
ln
(
(θ + ξ)2 + Ω2
(θ + ξ)2 − Ω2
)
(42)
which for q = 0 reduces to:
1 = gT
∑
ω
ωc∫
−ωc
dξ
sin2(pi
2
ξ
ωc
)
ξ2 + (ω + γ)2
(43)
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From here by standard manipulations (cf. (47)) we get Eq.(8).
For a system in an external magnetic field H the Cooper pair momentum q is replaced
as usual by q − 2e
c
A, where A— is vector-potential. In this case the Cooper instability is
again determined by Eq.(42), only θ, now denotes θ = vF q0/2, where q0—is the minimal
eigenvalue of an operator (q − 2e
c
A)2, which is obviously equal [6] to
√
2π H
φ0
, where φ0 - is
the magnetic flux quantum introduced above and corresponding to double electronic charge.
In this way we easily obtain the equation determining the upper critical field at arbitrary
temperature.
Numerical solution of this equation is conveniently done after reducing the discrete sum
over Matsubara frequencies to integral. Details can be found in Appendix B. As a result,
instead of Eq.(42) we obtain the following equation for Hc2:
1 = 2gT
ωc∫
−ωc
dξsin2
(
π
2
ξ
ωc
) ∞∫
0
dxsin

vFx
√
piH
2φ0
2πT

 exp[−( γ2piT + 12)x]sin( ξx2piT )
vF
√
piH
2φ0
ξx(1− exp(−x))
(44)
In Fig.11 we present the results of numerical solution of Eq.(44) for different scattering rates
γ. Qualitative form of temperature dependence of Hc2 is more or less usual, but we can
clearly see rather rapid drop of the slope of Hc2(T )-curve close to Tc as scattering increases.
This drop is in completely described by expressions obtained above within Ginzburg-Landau
approach. Note that the qualitative form of Hc2 is practically the same for different values of
the coupling constant g, thus on Fig.11 we show the data for only one value of this constant.
We should like to stress again that this anomalous behavior of Hc2 with the growth of
disorder is characteristic of the odd-gap pairing and can be used in experimental search of
this “exotic” state.
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IV. CONCLUSION
The main part of this paper was devoted to microscopic derivation of the coefficients of
Ginzburg-Landau expansion in the model of pairing state with energy gap odd over k− kF .
We have shown that an additional strong dependence of GL-coefficients on the pairing
coupling constant appears, which does not reduce to the usual coupling constant dependence
of Tc. We have analyzed this coupling constant dependence for the main parameters of
Ginzburg-Landau theory.
The main theoretical conclusion following from our analysis of impurity scattering in the
odd-gap model reduces to the absence of “diffusion” renormalization, which leads to the
dimensional dependencies of GL-coefficients characteristic of “clean” superconductors. At
the same time a rapid drop of Tc due to impurity scattering and important dependence of GL-
coefficients on impurity scattering rate lead to anomalous behavior of Hc2 with disordering
which is quite different both from usual “clean” limit behavior or from traditional “dirty”
case. This anomalous behavior is reflected in rather rapid drop of the slope of Hc2(T )-curve
close to Tc with increased impurity scattering which can be used as an experimental criterion
in the search of systems with odd-gap pairing.
We have also analyzed the temperature behavior of Hc2 for all relevant temperatures,
solving for the odd-gap Cooper instability in an external magnetic field. The problem is again
characterized by the absence of “diffusion” renormalization, which is due again to the odd
over k−kF nature of the order parameter. Results obtained are in complete correspondence
with Ginzburg-Landau approach.
This work was partially supported by the Scientific Council on High- Temperature Su-
perconductivity under the project No 93-001 and also by Soros Foundation grant RGL000,
as well as by the grant the Russian Foundation of Fundamental Research No 93-02-2066 .
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APPENDIX A
Next follow some details of calculations leading to our expressions for GL-coefficients.
Diagram shown in Fig.1(a) gives the following expression with terms up to second order in
q:
Fig.1(a) = −|∆q|2 T
(2π)3
∑
ω
∫
dpsin2
(
πξ
2ωc
)
Gω(p+ q/2)G−ω(−p+ q/2) ≈ (45)
≈ −|∆q|2N(0)
{ ωc∫
0
dξsin2
(
πξ
2ωc
)
1
ξ
th
ξ
2T
+
+
πv2F q
2
48
T
∑
ω
1
|ω|3
[
2− 2exp
(
−π |ω|
ωc
)(
1 + π
|ω|
ωc
+ π2
|ω|2
2ω2c
)]}
Here Gω(p) = [iω − ξp]−1 is the usual Matsubara Green’s function of an electron, ω =
(2n + 1)πT . In the integrand we have also to expand up to first order in powers of T − Tc
and in terms containing the small parameter q2, we just put T = Tc. Using the equation for
Tc (5) it is easily seen that the contribution of diagram of Fig.1(b) is:
Fig.1(b) = −|∆q|2
{
T
(2π)3
∑
ω
∫
dpGω(p)G−ω(−p)sin2
(
πξ
2ωc
)}
= −N(0)
g
|∆q|2 (46)
which compensates the zero-order terms over T −Tc and q in the expression for Fig.1(a). As
a result we get the expressions given in (12), (16) (18), which define coefficients A and C.
For the impure superconductor all calculations are similar, we only have to take into
account that Green’s function now is equal to: Gω(p) = [iω−ξp+ iγsign(ω)]−1. Accordingly
the expression for diagram in Fig.6(d) contains the sum:
Tc
∑
ω
1
(ω + γ)2 + ξ2
=
∞∫
−∞
dω
π
1
2ξ
th
(
ω + ξ
2Tc
)
γ
ω2 + γ2
(47)
and reduces, after the use of Tc-equation (8), to:
Fig.6(d) = −N(0)|∆q|2
ωc∫
0
dξ
ξ
sin2
(
πξ
2ωc
) ∞∫
−∞
dω
π
th
(
ω + ξ
2Tc
)
γ
ω2 + γ2
= −N(0)
g
|∆q|2 (48)
This contribution cancels terms of zeroth order in T − Tc and q2 in the expression for
diagram in Fig.6(c). As a result GL-coefficients depend on real transition temperature Tc
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in the presence of impurities. Analogously we must take into account impurity scattering
in part of diagram in Fig.6(c) which determines contributions of the order of T − Tc and
q2. Finally we obtain expressions for GL-coefficients A and C, quoted above for the impure
case.
The simplest way to find GL-coefficient B is to use the expression for the free-energy
difference between superconducting and normal phases at arbitrary temperature for homo-
geneous order-parameter:
Fs − Fn = N(0)
∞∫
−∞
dξ
{ |∆(ξ)|2
2ǫ
th
(
ǫ
2T
)
− 2T ln
(
ch(ǫ/2T )
ch(ξ/2T )
)}
(49)
where ǫ =
√
ξ2 + |∆(ξ)|2, and ∆(ξ) is defined by Eqs.(6) and (7). Expanding in powers of
∆0 and T − Tc, and using Tc-equation (5), we get:
Fs − Fn = N(0)∆
2
0
g
+N(0)
ωc∫
0
dξ
{
−∆
2
0
ξ
sin2
(
πξ
2ωc
)
th
(
ξ
2Tc
)
+ (50)
+(T − Tc)∆20
sin2
(
piξ
2ωc
)
2T 2c ch
2
(
ξ
2Tc
) + 1
4
∆40
ξ2
sin4
(
πξ
2ωc
)1
ξ
th
(
ξ
2Tc
)
− 1
2Tc
1
ch2
(
ξ
2Tc
)

}
Using Tc-equation (5) again we can isolate the coefficient A of ∆
2
0 which coincides with that
found above. For ∆40/2 we obtain the coefficient B as:
B =
N(0)
2
ωc∫
0
dξ
ξ3
sin4
(
πξ
2ωc
)
th
(
ξ
2Tc
)
− N(0)
4Tc
ωc∫
0
dξ
ξ2
sin4
(
piξ
2ωc
)
ch2
(
ξ
2Tc
) (51)
which immediately leads to Eq.(17).
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APPENDIX B
To calculate Π0(q) we must find the following sum:
S =
∑
ω
1
ξ − θt+ i(γ + ω)
1
ξ + θt− i(γ + ω) (52)
Convenient representation of this sum via integral can be obtained with the use of the
well-known formula:
∞∑
n=0
1
n + a
1
n+ b
=
1
b− a [ψ(b)− ψ(a)] (53)
and integral form of logarithmic derivative of the Γ-function:
ψ(z) =
∞∫
0
dx
(
e−x
x
− e
−zx
1− e−x
)
Re(z) > 0 (54)
so that
ψ(b)− ψ(a) =
∞∫
0
e−ax − e−bx
1− e−x Re(a) > 0 Re(b) > 0 (55)
Then we obtain:
S =
1
πTξ
∞∫
0
dxsin
(
ξx
2πT
)
exp(−( γ
2piT
+ 1
2
)x)exp(−i θtx
2piT
)
1− exp(−x) (56)
Integration over t is elementary and as a result Eq.(42) reduces to Eq.(44).
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Figure captions.
Fig.1. Diagrammatic form of Ginzburg-Landau expansion. Wavy lines represent fluctu-
ations of the order-parameter (10). Diagram (b) is calculated for T = Tc.
Fig.2. KA, KB KC dependence on coupling constant g.
Fig.3. Dimensionless coherence length dependence on g.
Fig.4. Dimensionless penetration depth as a function of g.
Fig.5. Ginzburg-Landau parameter as a function of coupling constant g.
Fig.6. Diagrams for free-energy in the presence of impurity scattering. Dashed lines —
impurity scattering.
Fig.7. Normalized coefficient KdA as a function of impurity scattering rate for different
values of g:
g : 1—1.22; 2—1.24; 3—1.3; 4—1.5; 5—2.0; 6—5.0; 7—10.0
Fig.8. Normalized coefficient KdC as a function of impurity scattering rate for different
values of g:
g : 1—1.22; 2—1.24; 3—1.3; 4—1.5; 5—2.0; 6—5.0; 7—10.0
Fig.9. The slope of Hc2-curve close to Tc as a function of impurity scattering rate for
different values of g:
g : 1—1.22; 2—1.24; 3—1.3; 4—1.5; 5—2.0; 6—5.0; 7—10.0
Derivative of the upper critical field is normalized upon its value in the absence of
impurity scattering.
Fig.10. Diagrams for Cooper instability in the impure system:
(a)—vertex part of impurity scattering in Cooper channel. (b)—vertex part of pairing
interaction. (c)—response function determining odd-gap pairing instability.
Fig.11. Temperature behavior of the upper critical field for systems with different degree
of disorder γ/Tc0. Pairing coupling constant g = 2, magnetic field in units of H0 =
2
pi
φ0Tc0
v2
F
,
temperature normalized by Tc, depending on disorder.
γ/Tc0: 1—0; 2—0.25; 3—0.5; 4—-0.75; 5—0.87
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